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Abstract. We investigate a simple inhomogeneous anisotropic cosmology (plane symmet-
ric G2 model) filled with a tilted perfect fluid undergoing velocity diffusion on a scalar field.
Considered are two types of fluid: dust and radiation. We solve the system of Einstein field
equations and diffusion equations numerically and demonstrate how the universe evolves to-
wards its future asymptotic state. Also, typical time scales of characteristic processes are
determined. The obtained results for dust- and radiation-filled cosmologies are compared to
each other and to those in the diffusionless case, giving a hint on which effects can be the
result of including diffusion in more complicated models. For example, diffusion causes the
accelerated expansion stage to arrive at later times.
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1 Introduction
Diffusion forces cause some important physical phenomena, such as heat conduction and
Brownian motion. During recent years a lot of attention has been paid to investigating diffu-
sion effects also in special and general relativity, e. g. [1–7] (see [5–7] for further references).
It is supposed that diffusion may play a fundamental role not only at microscopic scales,
but also in the large-scale dynamics of the matter in the universe. In the cosmological case,
the particles of a fluid matter can be represented by galaxies in space, and the role of a
background medium can be played, for example, by a scalar field [7, 8].
In [8], a simple homogeneous and isotropic FRW-model of the universe is investigated.
The universe is treated to be filled with a perfect fluid interacting with a scalar field back-
ground. The perfect fluid is undergoing velocity diffusion on the scalar field. It was shown
that the presense of diffusion can drastically affect the dynamics even in this simplest cos-
mology.
In the current paper, we are investigating the diffusion effects in plane symmetric G2
cosmologies [9, 10]. The motivation behind this choice is that the given models possess
important specific properties (such as inhomogeneity and anisotropy), but at the same time
they are not too complicated from a mathematical point of view. Following [8], we consider
interaction between a perfect fluid and a scalar field background, but in contrast to [8], the
fluid is tilted (the four-velocity of the fluid is not in general aligned to that of fundamental
observers [11]).
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The paper is organized as follows. In Sec. 2 a brief description of the diffusion model is
given. In Sec. 3 we discuss the geometry of spacetime in the considered cosmological model.
Sec. 4 is devoted to discussing the energy-matter content of the given cosmology. In Sec. 5
we introduce the scale-independent dimensionless variables and do the gauge-fixing, after
which the complete system of equations governing the dynamics of the universe is derived in
Sec. 6. The choice of initial and boundary conditions is discussed in Sec. 7. The results of
numerical simulation are presented in Sec. 8 and thouroughly analyzed in Sec. 9, where also
some conclusions are drawn. Summary is presented in Sec. 10.
2 The diffusion model
The mathematical and physical background for a simple cosmological diffusion model is given
in [7]. Here we will outline the main idea. The spacetime geometry is governed by the Einstein
field equations
Rab − 1
2
Rgab = Tab, (2.1)
where the Bianchi identities impose the restriction
∇aT ab = 0 (2.2)
Since the kinetic energy of particles is not conserved under the action of diffusion forces,
the energy-momentum tensor Tab describing such matter fails to be divergence-free. There-
fore, Tab cannot enter the field equations alone, and the energy-momentum tensor T˜ab of the
background medium should also be included in the equations. The combination of these two
tensors Tab meets the mentioned requirement:
Tab = Tab + T˜ab, (2.3)
with ∇aT ab = −∇aT˜ ab. (2.4)
In one of the simplest cases [7, 8], a perfect fluid matter is undergoing velocity diffusion on a
cosmological scalar field φ (with T˜ab = −φgab), which is playing the role of the background.
The modified field equations can be written as
Rab − 1
2
gab + φgab = Tab, (2.5)
the diffusion equations being
∇aT ab = ∇a(φgab) = DJb, (2.6)
Ja = nuˆa, (2.7)
∇aJa = 0. (2.8)
Here D is a positive dimensionfull constant of diffusion, Ja is the conserved current density
of the fluid, n is the number of matter particles per unit volume (concentration or number
density), and uˆa is the 4-velocity of the fluid defined by the fluid flow.
Note that scalar potential represents vacuum energy and enters the field equations in the
same manner as the cosmological constant. Therefore, φ can be treated as a generalization of
cosmological constant. However, one should note the difference between models with scalar
potential and with a ”variable cosmological constant”: in the former case the dynamics of
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potential is governed by the diffusion equations (2.5) and (2.6), while in the latter case it is
prescribed a priori [7].
In vacuum (Tab = 0) or in the absence of diffusion (D = 0), potential φ becomes
”ordinary” cosmological constant.
3 The geometry of the model
We are looking for solutions of (2.5), corresponding to a plane symmetric G2 cosmology with
diagonal metric:
ds2 = −T 2(t, x)dt2 + F 2(t, x)dx2 +G2(t, x)[dy2 + dz2]. (3.1)
We shall use the orthonormal frame approach [9] and introduce the following linearly inde-
pendent vector operators:
e0 =
1
T (t, x)
∂t, e2 =
1
G(t, x)
∂y,
e1 =
1
F (t, x)
∂x, e3 =
1
G(t, x)
∂z.
(3.2)
These operators can also be written in terms of frame coefficients:
e0 = M
−1∂t, eα = eαα∂xα . (3.3)
The state vector xG of the gravitational field variables reduces to
xG = (H,σαβ, u˙α, aα), (3.4)
with
σαβ = diag(σ11, σ22, σ33), σ22 = σ33 = −1
2
σ11, (3.5)
u˙α = (u1, 0, 0), (3.6)
aα = (a1, 0, 0). (3.7)
The variables have following physical and geometrical sense (see [12] for details): H is the
Hubble scalar, σαβ is the rate of shear tensor, u˙α is the acceleration vector, and aα is the
spatial curvature variable (set further to zero by gauge choice).
Now the field equations (2.5) can be written in terms of vector operators (3.2) and
gravitational field variables (3.4).
4 Energy-matter content of the model
The energy-matter content of the model is represented by a tilted perfect fluid with energy-
momentum tensor Tab and a scalar field given by potential φ. The fluid undergoes velocity
diffusion on the scalar field, which is described by the diffusion equations (2.6).
In the frame comoving with the fluid the energy-momentum tensor has the perfect fluid
form:
Tab = ρˆuˆauˆb + pˆ(gab + uˆauˆb), (4.1)
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where ρˆ and pˆ are respectively the fluid density and pressure measured in the comoving frame;
uˆa is the 4-velocity of the fluid, with uˆauˆ
a = −1. We consider a fluid obeying the barotropic
equation of state:
pˆ(ρˆ) = (γ − 1)ρˆ, (4.2)
γ being a constant parameter in the range 1 < γ < 2.
In the original orthonormal frame the energy-momentum tensor takes the imperfect
fluid form and can be decomposed with respect to a unit timelike vector u:
Tab = ρuaub + 2q(aub) + (gab + uaub)p+ piab, (4.3)
which in the current case reduces to
T00 = ρ,
T01 = −q1,
Tαβ = diag(p+ pi11, p+ pi22, p+ pi33),
(4.4)
and the state vector xM of the matter variables becomes
xM = (ρ, qα, p, piαβ), (4.5)
with
piαβ = diag(pi11, pi22, pi33), pi22 = pi33 = −1
2
pi11, (4.6)
qα = (q1, 0, 0). (4.7)
The variables have the following physical sense: ρ is the energy density, qα is the energy flux
density, p is the isotropic pressure, and piαβ is the anisotropic pressure tensor.
The connection between uˆ and u can be expressed by
uˆa = Γ(ua + va), (4.8)
where va = (0, vα) and Γ = (1− vαvα)− 12 . In our case the tilt of the fluid (its three-velocity)
has only one degree of freedom: vα = (V, 0, 0). Now the matter variables can be expressed in
terms of energy density and velocity:
p =
(γ − 1)(1− V 2) + 13γV 2
G+
ρ, (4.9)
q1 =
γV
G+
ρ, (4.10)
pi11 =
2
3
γV 2
G+
ρ, (4.11)
where a new function G+ was introduced by
G+ = 1 + (γ − 1)V 2. (4.12)
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5 Dimensionless variables and Gauge choice
Dimensionfull and scale-dependent variables typically diverge when approaching a singularity,
and so it is important to write the equations in terms of dimensionless and scale-invariant
quantities.
The area expansion of the G2 orbits is given by
ΘAB = HδAB + σAB,
and the average expansion rate is thus
β =
1
2
ΘC
C = H + σ22 = H − 1
2
σ11. (5.1)
This parameter β has the same dimension as the Hubble rate H and can be used as a
normalization factor [9]. The normalized variables are defined as follows:
(Σαα, U˙ , A) = XG = (σαα, u˙1, a1)/β,
(Ω, Q1, P,Παα,Φ) = XM = (ρ, q1, p, piαα, φ)/3β
2,
N = Dn/3β3.
(5.2)
Note that the constant of diffusion D is now encapsulated in the diffusion term N and will
not appear in the normalized equations.
The new differential operators are introduced by
∂0 =
1
β
e0 =M−1∂t,
∂α =
1
β
eα = E
α
α∂xα ,
(5.3)
where the scale-invariant frame coefficients satisfy
M = Mβ, Eαα =
1
β
eαα. (5.4)
We define deceleration parameter q and β-gradient by
q + 1 = −∂0β
β
= − 1
β2
e0(β), (5.5)
r = −∂1β
β
= − 1
β2
e1(β). (5.6)
Using β-normalization is convenient together with an appropriate gauge choice. We use the
separable area gauge and timelike area gauge [12], given respectively by
U˙ = r, (5.7)
A = 0, (5.8)
enabling us to reparametrize time variable to set M = 1 and ∂0 = ∂t. It is also convenient
to replace Σ11 by
Σ11 = −2Σ. (5.9)
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6 Normalized equations
After normalization we obtain the following system of equations:
The field equations
0 = 1− 2Σ− Ω− Φ, (6.1)
r = −3
2
γV
G+
Ω, (6.2)
q =
1
2
[
1 + 3
(γ − 1)(1− V 2) + γV 2
G+
Ω− 3Φ
]
, (6.3)
∂tΣ = −(q + 3Σ)(1− Σ) + 2Σ + (3γ − 2) + (2− γ)V
2
2G+
Ω− Φ− 1
3
∂1r. (6.4)
The frame coefficient relations
∂tE
1
1 = (q + 3Σ)E
1
1 , (6.5)
∂tE
A
A = qE
A
A , (6.6)
∂1E
A
A = rE
A
A . (6.7)
The diffusion equations
∂tΦ = 2(q + 1)Φ− ΓN , (6.8)
∂1Φ = 2rΦ + V ΓN , (6.9)
∂tΩ = −γV
G+
∂1Ω +
γΩ
G+
[
2
G+
γ
(q + 1)− 3(1− Σ)(1 + 1
3
V 2) + 2ΣV 2
− ∂1V + V ∂1 lnG+
]
+ ΓN , (6.10)
∂tV = −V ∂1V + ∂1G+ − γ − 1
γ
(1− V 2)(∂1 ln Ω− 2r)− r
+ (M + 2Σ)V − γ − 1
γ
V G+
ΓG−
N
Ω
, (6.11)
∂tN = −V ∂1N + γ − 1
γ
ΓV 2G+
G−
N 2
Ω
−NV Γ2
[
∂1G+
− γ − 1
γ
(1− V 2)(∂1 ln Ω− 2r)− r + (M + 2Σ)V
]
+N
[
2rV + 3(q + Σ)− ∂1V
]
, (6.12)
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where
M =
1
G−
[
(γ − 1)(1− V 2)∂1V − (2− γ)V ∂1 lnG+
+
γ − 1
γ
(2− γ)(1− V 2)V (∂1 ln Ω− 2r) +G−rV
+ (3γ − 4)(1− V 2)(1− Σ)− 2(2− γ)ΣV 2
]
, (6.13)
G± = 1± (γ − 1)V 2, (6.14)
Γ = (1− V 2)− 12 . (6.15)
Comparing the given system to one obtained in [12], we can see that equations (6.1)–
(6.7) have the same form, (6.8)–(6.11) are modified by presence of the diffusion terms, and
equation (6.12) is completely new.
Note also that equations (6.6) and (6.7) decouple from the rest of the system.
The de Sitter equilibrium points for the system of EFEs and Diffusion equations are
given by
r = Σ = Ω = N = 0,
Φ = 1, q = −1,{
V = 0 or V = ±1, if γ = 1,
V = V (x), if γ 6= 1.
(6.16)
Another set of equilibrium points is the Robertson-Walker state:
r = Σ = Φ = N = V = 0,
Ω = 1, q =
3
2
γ − 1.
(6.17)
Elementary stability analysis shows that the de Sitter state is stable, while the Robertson-
Walker state is not. We are particularly interested in solutions which evolve from the state
close to Robertson-Walker to de Sitter. This corresponds to the behaviour of the standard
model (see e. g. [13]), confirmed by observational data from WMAP and Planck spacecraft.
We treat the two most important cases: a model filled with γ = 1 (dust) and γ = 4/3
(radiation).
7 Initial and boundary conditions
The set of variables in the system is:
Y = (E11 ; Ω; Φ;N ;V ; r; q; Σ). (7.1)
For numerical simulation we use the system of 5 evolution PDEs (6.5), (6.8), (6.10)–(6.12)
and 3 algebraic relations (6.1)–(6.3). In addition, there is a constraint (6.9), which is taken for
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error control. We consider solutions satisfying 2pi-periodic initial and boundary conditions:
Y(t, x) = Y(t, x+ 2pi),
E11(0, x) = E0,
N (0, x) = N0 − N1 sinx,
Φ(0, x) = Φ0 − Φ1 sinx,
Ω(0, x) = Ω0 + Ω1 sinx,
(if γ = 1) V (0, x) =  cosx,
(if γ = 4/3) r(0, x) = −2Ω0 cosx,
(7.2)
where  is a small parameter, E0, N0, Φ0, and Ω0 are the space-average initial values (close
to Robertson-Walker) of the corresponding physical quantities, while N1, Φ1, and Ω1 are
constants describing spatial inhomogenity. The following values are considered:
Ω0 = 0.70 . . . 0.90,
Φ0 = 0.10 . . . 0.30,
N0 = 0.10 . . . 0.20,
Ω1 = Φ1 = N1 = 0.5,
E0 = 0.1,  = 0.01.
If we assume the velocity to be small during all the evolution process, the original system can
be linearized with respect to V and its derivatives. Constraints show that this procedure does
not significantly affect the errors, which do not exceed 6 · 10−3 (dust) and 10−2 (radiation)
in the beginning of simulation, rapidly decrease and tend to zero.
8 Dynamics of the variables
It can be easily seen from the equations (6.1)–(6.12) that it takes infinite time for the vari-
ables (7.1) to reach their equilibrium values (6.16). However, we can consider time points
where the difference between the current value of a variable and its equilibrium value drops
below a certain level and becomes small. In this paper we assume that quantity Yk has
approached its equilibrium value, if the following condition is satisfied:
|Yk(t, x)− Yk(+∞, x)| < |Yk(0, x)|. (8.1)
So, the quantity  is also used as ”sensitivity threshold” for the variables of the system.
We start the simulation at t = 0. According to imposed initial conditions, the cosmology
is close to the Robertson-Walker state at this timepoint.
The simulation is stopped at the moment t = τSB, when the system comes close in the
sense of (8.1) to the silent boundary (far asymptotic future [14]). At the silent boundary the
frame coefficient E11 vanishes and solution becomes spatially homogeneous.
The transition stage ends when physical quantities Ω, Φ, and q approach their de Sitter
values. We denote this point by t = τ .
Another characteristic timepoints are t = tE and t = tN . These are the moments when
quantities E11 and N respectively reach their maximal values, marking the period when
inhomogeneity and diffusion are most significant.
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Figure 1. Dynamics of E11(t, x) at γ = 1; Ω0 = 0.90, Φ0 = 0.10, N0 = 0.10
It is also important to keep track of the diffusion term. We denote the moment when it
approaches zero (in the sense of (8.1)) by t = τN . At later times t > τN the cosmology will
demonstrate the same behaviour as in the case without diffusion.
Finally, one can be interested in timepoint t = τr, where the β−gradient becomes
insignificant.
Qualitatively, most of the variables demonstrate similar behaviour for dust and ra-
diation. According to simulation results, the characteristic timepoints are situated in the
following order with respect to each other:
0 < tE , tN < τr < τN ≤ τ < τSB. (8.2)
Numerical values for τr, τN , τ, τSB are obtained using condition (8.1).
The dynamics of the frame coefficient E11 for the dust case at initial conditions Ω0 = 0.90,
Φ0 = N0 = 0.10 is presented in Figure 1. The horizontal axis shows the space coordinate x,
and the vertical one shows the value of E11 . Different moments in time are depicted by lines
of different kind.
The constant initial value E11(0, x) = E0 = 0.1 is represented by the dotted line in the
figure. As the simulation starts, E11 becomes x-dependent and experiences a slight growth;
it reaches the maximum value at timepoint tE = 0.7 (space-dashed line), and then de-
creases slowly and monotoneously. This quantity tends to zero and becomes small at the
moment τSB = 3.5 (solid line), when the cosmology approaches the silent boundary. For
some particular initial values (see Table 3, later) the maximum can disappear, and the frame
coefficient decreases monotoneously towards zero.
The time evolution of space-averaged values of N ,Ω, and Φ for the case of dust at the
same initial conditions Ω0 = 0.90,Φ0 = N0 = 0.10 is shown in Figure 2.
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Figure 2. Space-averaged values of N , Ω, Φ at γ = 1; Ω0 = 0.90, Φ0 = 0.10, N0 = 0.10
Figure 3. Deceleration parameter q at γ = 1; Ω0 = 0.90, Φ0 = 0.10, N0 = 0.10
The diffusion term N reaches maximum value at timepoint tN = 0.7 and becomes
insignificant at specific timepoint τN = 2.2. For some particular initial conditions (see
Table 3, later) the maximum is not observed, and then N decreases monotoneously.
Energy density Ω and scalar potential Φ evolve monotoneously towards their de Sitter
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Figure 4. Fluid velocity V at γ = 1 and γ = 4/3; Ω0 = 0.90, Φ0 = 0.10, N0 = 0.10
Ω0 tN tE τr τN τ τSB E11(tE) N (tN )
0.90 0.7 0.7 1.6 2.2 2.6 3.5 0.11 0.15
0.80 0.7 0.8 1.7 2.3 2.7 3.8 0.12 0.16
0.70 0.7 0.8 1.8 2.3 2.8 3.9 0.13 0.18
Table 1. Alteration of Ω0 at γ = 1. Φ0 = 0.10, N0 = 0.10, E0 = 0.10
Ω0 tE tN τr τN , τ τSB E11(tE) N (tN )
0.90 0.7 0.7 1.6 2.1 3.5 0.14 0.27
0.80 0.8 0.8 1.6 2.3 3.7 0.15 0.29
0.70 0.8 0.8 1.7 2.4 3.8 0.16 0.30
Table 2. Alteration of Ω0 at γ = 4/3. Φ0 = 0.10, N0 = 0.10, E0 = 0.10
values and approach them at the timepoint τ = 2.6 (see Figure 2).
The dependence of the space-averaged deceleration parameter q on time for the dust-
filled cosmology is shown in Figure 3. Same as for Ω and Φ, the deceleration parameter
evolves monotoneously and approaches the equilibrium value q = 1 at τ = 2.6.
The β-gradient r is a rapidly-decaying quantity and approaches zero value at time-
point τr, which is significantly smaller than τ , when the cosmology approaches de Sitter
state. Depending on initial conditions, r can decrease monotoneously or have a subtle max-
imum at 0 < t < τr.
The fluid velocity V is a slowly decreasing quantity. In the dust case (see Figure 4,
left) velocity tends to zero as the cosmology passes the transition stage (t = τ). In case of
radiation (Figure 4, right) the velocity decreases to some small time-independent value which
is by the order of .
– 11 –
Φ0 tE tN τr τN τ τSB E11(tE) N (tN )
0.10 0.7 0.7 1.6 2.2 2.6 3.5 0.11 0.15
0.20 0.1 0.2 1.2 1.6 2.2 3.1 <0.11 <0.11
0.30 – – 1.0 1.3 1.9 2.8 – –
Table 3. Alteration of Φ0 at γ = 1. Ω0 = 0.90, N0 = 0.10, E0 = 0.10
Φ0 tE tN τr τN , τ τSB E11(tE) N (tN )
0.10 0.7 0.7 1.6 2.1 3.5 0.14 0.27
0.20 0.3 0.4 1.0 1.6 2.8 0.11 0.14
0.30 0.1 0.2 0.8 1.4 2.5 <0.11 0.11
Table 4. Alteration of Φ0 at γ = 4/3. Ω0 = 0.90, N0 = 0.10, E0 = 0.10
N0 tE tN τr τN τ τSB E11(tE) N (tN )
0.10 0.1 0.2 1.2 1.6 2.2 3.1 <0.11 <0.11
0.20 0.2 0.3 1.4 2.0 2.4 3.3 <0.11 0.22
Table 5. Alteration of N0 at γ = 1. Ω0 = 0.90, Φ0 = 0.20, E0 = 0.10
N0 tE tN τr τN , τ τSB E11(tE) N (tN )
0.10 0.3 0.4 1.0 1.6 2.8 0.11 0.14
0.20 0.4 0.5 1.3 2.0 3.2 0.11 0.30
Table 6. Alteration of N0 at γ = 4/3. Ω0 = 0.90, Φ0 = 0.20, E0 = 0.10
9 Analysis
9.1 Alteration of initial conditions
Decreasing Ω0, while keeping the values of Φ0 andN0 fixed, leads to extension of characteristic
time scales. Moreover, the maxima for E11 and N become more significant. For the dust case,
the time scales tE and tN separate from each other having tendency tE > tN .
Results for dust are shown in Table 1. For example, one can see that if the value of Ω0 is
reduced from 0.90 to 0.70, other initial constants having fixed values Φ0 = N0 = E0 = 0.10,
then the length of transition stage increases from τ = 2.6 to τ = 2.8 (approximately by 8%).
It also takes longer time for the model to approach the silent boundary: the corresponding
time scale changes from τSB = 3.5 to τSB = 3.9 (by 11%).
Table 2 shows similar data for the radiation case.
Increasing the value of Φ0 with fixed Ω0 and N0, on the contrary, results in contraction
of characteristic time scales. The maxima for E11 and N become weaker and can disappear
at significant increase in Φ0. For dust, the time scales tE and tN separate from each other
with tendency tE < tN .
Table 3 demonstrates these results for the case of dust. For example, if one fixes the val-
ues of initial constants to Ω0 = 0.90, N0 = E0 = 0.10 and increases the value of Φ0 from 0.10
– 12 –
Case tE τr τ τSB E
1
1(tE)
γ = 1 without diffusion 0.5 1.3 2.2 3.5 0.11
γ = 1 with diffusion 0.7 1.6 2.6 3.5 0.11
γ = 4/3 without diffusion 0.5 1.2 1.5 3.3 0.13
γ = 4/3 with diffusion 0.7 1.6 2.1 3.5 0.14
Table 7. Cases with and without diffusion. Ω0 = 0.90, Φ0 = 0.10, E0 = 0.10
Figure 5. Space-average values of E11 ,Ω,Φ at γ = 1 in the absence and presence of diffusion (dotted
and solid lines respectively)
to 0.20, the length of stage with diffusion decreases from τN = 2.2 to τN = 1.6 (by 27%), and
the maximum for the diffusion term N drops from N (tN ) = 0.15 to N (tN ) < 0.11. If Φ0 is
increased further to Φ0 = 0.3, the duration of diffusion stage decreases to τN = 1.3, and the
maximum for the number density disappears, which is marked by dash (-) in the table.
Corresponding data for radiation case can be found in Table 4.
Increasing the value of N0 at fixed Ω0 and Φ0 leads to effects similar to those on
decreasing Ω0. The time scales extend and the maxima become more significant.
Results for dust are shown in Table 5, and for radiation in Table 6.
9.2 Comparison with diffusionless models
Comparison between the cases with diffusion (Ω0 = 0.90, Φ0 = 0.10, N0 = 0.10) and without
diffusion (Ω0 = 0.90, Φ0 = 0.10, N ≡ 0) is shown in Table 7, Figures 5 and 6.
It can be seen from Table 7 that presence of diffusion slows down the evolution of the
model. For example, if we enable diffusion in the radiation-filled cosmology, then the lifetime
of the β−gradient increases from τr = 1.2 to τr = 1.6 (by about 33%), duration of transition
– 13 –
Figure 6. Space-average values of E11 ,Ω,Φ at γ = 4/3 in the absence and presence of diffusion
(dotted and solid lines respectively)
process increases from τ = 1.5 to τ = 2.1 (by 40%), and the model approaches the silent
boundary at later times: τSB = 3.5 instead of previous value τSB = 3.3.
In Figures 5 and 6 (for the dust- and radiation-filled model, respectively), dotted lines
show the time evolution of space-averaged values of quantities E11 , Ω, and Φ in the diffusion-
less case; time dynamics of the same quantites in presence of diffusion is depicted by solid
lines. One can see that diffusion ”stretches” the plots along the time-axis, extending the
characteristic timescales.
This result is expected from the physical point of view. Under the process of cosmo-
logical diffusion, energy is transferred from the scalar field to the matter. So the energy
density Ω of matter can be predicted to decrease slower compared to the diffusionless case,
which is confirmed by our numerical results.
9.3 Difference between Dust- and Radiation-filled models
1. Transition time scales. The simulation shows that at the same initial conditions
the radiation-filled model comes to the de Sitter stage (t = τ) much faster than the
dust-filled one. The radiation-filled model requires also less time to approach the silent
boundary (t = τSB). This corresponds to the well-known fact (see e. g. [13]) that
energy density of radiation decays faster than that of matter. Numerical results are
demonstrated in Table 8.
2. Extra stage in the dust-filled model. In the model filled with radiation, the
diffusion term N becomes small at t = τ , when the model reaches the de Sitter state.
Diffusion is therefore significant during the entire transition stage. However, in the
cosmology filled with dust the diffusion term decays faster (at t = τN < τ). The
transition process for the dust-filled cosmology has therefore a specific stage, where the
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Initial constants de Sitter: τ Silent Boundary: τSB
Ω0 Φ0 N0 dust radiation dust radiation
0.7 0.1 0.1 2.8 2.4 3.9 3.8
0.8 0.1 0.1 2.7 2.3 3.8 3.7
0.9 0.1 0.1 2.6 2.1 3.5 3.5
0.9 0.2 0.2 2.4 2.0 3.3 3.2
0.9 0.2 0.1 2.2 1.6 3.1 2.8
0.9 0.3 0.1 1.9 1.4 2.8 2.5
Table 8. Comparison of time scales for dust- and radiation-filled cosmologies
Initial constants E11(tE)/E
1
1(0) N (tN )/N (0)
Ω0 Φ0 N0 dust radiation dust radiation
0.7 0.1 0.1 1.3 1.6 1.8 3.0
0.8 0.1 0.1 1.2 1.5 1.6 2.9
0.9 0.1 0.1 1.1 1.4 1.5 2.7
0.9 0.2 0.2 <1.1 1.1 1.1 1.5
0.9 0.2 0.1 <1.1 1.1 <1.1 1.4
0.9 0.3 0.1 – <1.1 – 1.1
Table 9. Comparison of maxima for dust- and radiation-filled cosmologies
model behaves like the diffusionless one. The diffusionless stage can last for 15–30% of
transition era.
3. Positions of the maxima. In both models the timepoints tE and tN are very close to
each other. Depending on initial conditions, the time difference between these points
can be extended. For the dust-filled model, all three situations are possible: tE < tN ,
tE ≈ tN , and tE > tN , while for the radiation-filled model the only tendency is tE < tN .
4. Strength of the maxima. Under the same initial conditions, the maxima reached
by quantities E11 and N are significantly stronger for the model filled with radiation.
This is shown in Table 9.
5. The velocity of the fluid. In the dust-filled model the fluid velocity vanishes as
the model passes the transition process. On the contrary, the radiation-filled model
possesses time-independent velocity (which is by the order of ) even when the cosmol-
ogy is close to the silent boundary. This means that radiation retains velocity which
becomes small during cosmological evolution but does not tend to zero. Exactly the
same is observed in other cosmological models, see e. g. [15–18].
10 Summary
The main goal was to investigate the role of the diffusion forces in governing the large-scale
dynamics of an inhomogeneous anisotropic universe. One should notice that cosmological
diffusion is treated to be not a fundamental interaction, but an approximation to describe
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the interaction between two particle systems. It was shown that under this interaction the
energy is transferred from the scalar field to the matter, which slows down the process of
cosmological evolution and causes the stage of accelerated expansion to arrive at later times.
In this paper one of the simplest possible diffusion models has been considered. So,
some available directions of further work may be: to investigate cosmologies with more
complicated geometry, include more realistic energy-matter content instead of just a perfect
fluid or consider a more advanced diffusion model.
Also, one should pay attention to initial conditions introduced in Sec. 7. These condi-
tions restrict the whole class of plane symmetric G2 cosmologies to a specific group we are
interested in. Namely, the models passing the Robertson-Walker stage are all ever-expanding
and tending to de Sitter in the asymptotic future (see e. g. [19] for homogeneous cosmolo-
gies and [12] for inhomogeneous ones). At the same time models passing far enough from
Robertson-Walker equilibrium point may recollapse. This means that the sign of Hubble
parameter H, as well as of the expansion parameter β, may change to the opposite at some
point, so that the dimensionless variables introduced in Sec. 5 blow up to infinity. So, if one
would like to investigate the dynamics of this group of solutions, variables β and H can no
longer be used as normalization factors.
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